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Abstract 
Traditional thermal resistance in heat transfer is definded as the ratio of the temperature difference to the heat flux, and it is only 
valid for one-dimensional, steady heat conduction without an internal source. As the definition of the temperature difference is 
not unique for multi-dimensional problems, the thermal resistance may be different for the same problem. In order to overcome 
this drawback, the thermal resistance based on the entransy dissipation rate has been defined as the ratio of the entransy 
dissipation rate to the square of the heat flux. This work has extended the application scope of the thermal resistance to the multi-
dimensional non-seady heat transfer conditions based on the entransy dissipation rate. Which is called the impedance. Its 
applications in the determinations of the ideal volumetric specific heat of an external wall  show that the ideal volumetric specific 
heat is a δ function. 
© 2015 The Authors. Published by Elsevier Ltd. 
Peer-review under responsibility of the organizing committee of ISHVACCOBEE 2015. 
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1. Introduction 
In heat transfer analysis, thermal resistance method is an important way to find the main bottleneck in the heat 
transfer process so as to optimize heat transfer targetedly. Traditional thermal resistance is definded as the ratio of 
the temperature difference to the heat flux, which is only valid for one-dimensional, steady heat conduction without 
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an internal source. For multi-dimensional problems, as the definition of the temperature difference is not unique, the 
thermal resistance may be different for the same problem. In order to overcome the limitation, a new approach to 
define the thermal resistance is needed. 
Recently, Guo et al. [1] introduced the concepts of entransy G=(1/2)UT (U and T are the internal energy and 
temperature of a system, respectively) to describe the heat transfer capacity of a system and entransy dissipation as 
the loss of this capacity. Besides, they developed the entransy dissipation extremum principle to optimize processes 
of heat conduction [2, 3], convective heat transfer [4, 5, 6], radiative heat transfer [7]. Based on the entransy 
dissipation rate, the thermal resistance for multi-dimensional problems has been defined as the ratio of the entransy 
dissipation rate to the square of the heat flux. On the contrary to the traditional method of the definition, the 
definition of the thermal resistance is unique because it is uniquely determined when the temperature distribution is 
known. The entransy-dissipation-based thermal resistance has been used widely in the optimization of heat transfer 
process. In the heat conduction aspect, for volume-to-point conduction problem, Guo et al. [1] obtained the optimum 
thermal conductivity distribution, which should satisfy that temperature gradient in the domain should be uniform, 
based on extremum principle of the entransy-dissipation-based thermal resistance. Meanwhile, in the convective heat 
transfer process, in order to maximize the heat transfer rate in a tube, he optimized the flow field in the tube by using 
the extremum principle of the entransy-dissipation-based thermal resistance. For heat exchanger, Chen et al. [8] used 
the minimal entransy-dissipation-based thermal resistance principle to obtain the optimal heat capacity rate of the 
fluid and the allocation of heat exchanger thermal conductance to maximize the heat transfer rate in the heat 
exchanger. Guo et al. [9] established the relationship between the effectiveness and the entransy-dissipation-based 
thermal resistance for heat exchanger to make the comparison among different heat exchangers with different flow 
arrangements.  
Further, in the non-steady heat transfer, there also exist some conditions that the temperature difference cannot be 
defined uniquely for the thermal resistance, so the purpose of this paper is to define the thermal resistance based on 
the entransy dissipation rate in the non-steady heat transfer, which is called the impedance. Then, the ideal 
volumetric specific heat of an external wall for active and passive conditions are analyzed to illustrate the 
applications of the impedance. 
2. Methods 
2.1.  Entransy-dissipation-based thermal resistance in steady heat transfer process 
Traditional definition of thermal resistance is the ratio of temperature difference to heat flow. However, in the 
multi-dimensional heat transfer problems, the definition of equivalent mean temperature difference is not unique, so 
the thermal resistance is also different. In order to overcome the limitation, Guo et al. [1] introduced the thermal 
resistance based on the entransy dissipation rate: 
h
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where Rh is the thermal resistance, Φh is the entransy dissipation rate in the whole heat transfer domain, Qh is the 
total heat flow rate.  
For a heat conduction without internal source process, the thermal energy conservation equation can be expressed 
as 
p
Tc
t
U w  w q                     (2)  
where ρ and cp are the density and the constant-pressure volumetric specific heat of thermal conductor, respectively, 
t is the time, q is the heat flow density. Multiplying both sides of Eq. (2) by the temperature T gives the balance 
equation of entransy during heat conduction process: 
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There are two items on the left: the first term is the entransy transferred from one part of the thermal conductor to 
another part and the second term is the time variation of the entransy stored per unit volume of the thermal 
conductor. The right term in Eq. (3) is the local entransy dissipation rate in the heat conduction process. Eq. (3) 
shows that entransy is dissipated in heat transfer, so entransy dissipation can be taken as a measure of the 
irreversibility in heat transfer process. 
Considering the environment effect, by introducing an identity, we will get 
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where Te is a temperature variable related to space and time coordinates, and it is the temperature of surrounding air 
at the boundary of the thermal conductor. 
Integrating Eq. (4) over the entire heat conduction domain and transforming the volume integral to a surface 
integral on the domain boundary according to Gauss’s Law gives 
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where n is the unit outward normal vector on the surface of the thermal conductor, Σ the surface integral area of the 
thermal conductor, Ω the volume integral area of the thermal conductor, S the area of the thermal conductor, V the 
volume of the thermal conductor, and k the thermal conductivity of the thermal conductor. The first term in Eq. (5) 
is the net entransy flowing input from environment, and the second is the variation rate of entransy stored in the 
thermal conductor. The right two terms represent the total entransy dissipation rate Φh during the entire heat transfer 
process: the first is the entransy dissipation rate due to heat conduction in the thermal conductor and the second is 
the entransy dissipation rate due to heat convection at the boundary of the thermal conductor. 
For the steady process, the second term in Eq. (5) is zero, and the following equation about thermal resistance can 
be got: 
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where subscript 1, 2 represent the different boundaries of the thermal conductor and they consist of the whole 
thermal conductor boundary. This equation validates the definition of thermal resistance in literature [1]. Obviously, 
we will consider that in non-steady heat transfer, there will also exist some conditions that the temperature 
difference is hard to define uniquely. Based on this, entransy-dissipation-based thermal resistance (impedance) in 
non-steady heat transfer process is needed.  
2.2. Entransy-dissipation-based thermal resistance in non-steady heat transfer process 
According to Eq. (5), in non-steady heat transfer, the impedance can be written as  
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where Zh is the impedance in the non-steady heat transfer process, Φh,R is the entransy dissipation rate due to the 
thermal resistance and ᇞ GC is the entransy variation rate due to the heat capacity. 
3. Illustrative examples: the determination of ideal volumetric specific heat for external wall 
3.1. Active condition 
As the energy consumption of a building is mostly due to heat transmission across its external envelope, 
designing an appropriate building external envelope is an effective ways to control heat transfer rate in order to 
reduce energy consumption. Considering this, our following work is to provide an analytical approach based on the 
previous concept of the entransy-dissipation-based impedance to design the thermophysical properties for external 
wall. As an initial step, the method to determine the ideal volumetric specific heat of external wall is studied here. 
For an actual room with air conditioning system (Fig. 1), one-dimensional transient heat transfer is considered in the 
external wall and the internal walls are assumed to be adiabatic. The outdoor air temperature is variable and there 
are ventilation and indoor thermal disturbance. In summer, for example, in order to maintain the indoor air 
temperature at a set value, an energy output Q to the exterior is needed. While the geometry and thermal 
conductivity of external wall, the area and volume of the interior, the indoor and outdoor thermal disturbances and 
the indoor set temperature are given, the output energy is the function of the external wall’s volumetric specific heat: 
( ( ))pQ f TcU                     (8)  
In order to obtain the minimum Q, we should deduce the ideal ρcp(T) by the variational method: 
δ δ ( ( )) 0pQ f TcU                     (9)  
However, as it is difficult to establish the relationship between the output energy and the volumetric specific heat 
of the external wall, the above variational method is not practically useable.  
 
 
Fig.1. Schematic diagram of an actual room with air conditioning system 
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Entransy-dissipation-based impedance provides a solution scheme for the problem. From Eq. (7), we can find 
that when the temperature difference is given, the extremum of the heat flow rate Qh is corresponding to the 
extremum of the entransy-dissipation-based impedance, that is, the extremum of the sum of the entransy dissipation 
rate due to the thermal resistance Φh,R and the entransy variation rate duo to the heat capacity ᇞ GC (in summer, 
when the outdoor air temperature is high than the indoor air temperature, we should minimize Φh,R+ᇞ GC, otherwise, 
maximal Φh,R+ᇞ GC is needed, and in winter, we should minimize Φh,R+ᇞ GC), which is a field function whose 
extremum can be solved by the variational method. Meanwhile, considering thermal energy conservation equation 
should be satisfied in heat conduction process, so based on the variational method, a Lagrange function, Π, is 
constructed: 
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where λ is the Lagrange multiplier which is a variable related to space and time coordinates. The variation of Π with 
respect to T gives 
e out( )δ( ) d 0
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k T T T S =  ³³ n                 (11)  
As the temperature Te is not always the same with the outdoor air temperature Tout, ͪT should be a constant. 
That is to say, the volumetric specific heat of the external wall should be infinite. In practice, the volumetric 
enthalpy of the external wall is a constant: 
max
min
d constant
T
p
T
H c TU U  ³                  (12)  
where ρH is the volumetric enthalpy of the external wall, and Tmin and Tmax are the minimal and maximal 
temperatures of the external wall in given condition, respectively. Therefore, the volumetric enthalpy of the external 
wall should be centered on a constant temperature point Tc in summer or winter, that is, the ideal ρcp(T) of the 
external wall is a δ function concentrated in Tc in summer or winter. Here, the value of Tc depends on different cases 
and should be determined by some numerical optimization algorithms. 
In order to compare the consumptions of room with external wall owing the ideal volumetric specific heat and the 
traditional one, a typical room is analyzed. The room has six same external walls, and the thickness, length and 
width are 0.32 m, 4 m and 4 m, respectively. In order to avoid large temperature fluctuation, the basic volumetric 
specific heat, ρcp,0, is needed and the value is 2.3 MJ/m3 K here. The thermal conductivity, k, and the volumetric 
enthalpy, ρH, of the external wall are 2 W/m K and 10 MJ/m3 (in summer, 20 MJ/m3 in winter), respectively. The 
convective heat transfer coefficients at outer and inner surfaces of the external wall hout and hin are respectively 
calculated according to the correlations in reference [10]. The outdoor sol-air temperature is calculated by the solar 
radiation at south orientation (the solar radiation absorptance of the external wall is 0.6) and the air temperature for a 
typical year in Beijing and the climate data are generated by Chinese Architecture-specific Meteorological Data Sets 
for Thermal Environment Analysis. The ACH is assumed to 5.0 h−1 when the outdoor temperature is less than 299 K 
and greater than 293 K, otherwise, ACH is 0.5 h−1. The indoor heat disturbance is 3.8 W/m2. The indoor set 
temperature is 301 K in summer, and 289 K in winter. The summer is from May to September and the winter is from 
November to March in the following year. 
The result is shown in Fig. 2. In summer, the temperature Tc in this case is 299.4 K and the energy consumption 
is 12.1 MJ. When ρH is evenly distributed in the effective temperature range, the corresponding energy consumption 
is 41.2 MJ and after optimization for the distribution of ρH, the energy consumption has reduced by 70.6%. In 
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winter, the temperature Tc is 289.8 K and the corresponding energy consumption is 3968.1 MJ. If ρH is evenly 
distributed, the energy consumption is 7188.5 MJ. So, the energy consumption has reduced by 44.8% after 
optimization.  
 
 
Fig.2. Ideal ρcp(T) of the external wall in summer and winter  
The physical explanation can be explained as follows: Taking summer condition as an example. When the 
volumetric enthalpy of the external wall is concentrated in a constant temperature Tc, while the volumetric enthalpy 
is used, the inner surface temperature of the external wall will stay at Tc, thus more stored cold of the external wall 
could be used when Tc is lower than indoor air temperature. At the same time, to make full use of the stored cold, Tc 
should be as low as possible. However, the total cold supplied by the external wall is finite, so Tc should be a 
suitable value (299.4 K) in case that the stored cold is wasted by outdoor hot air, solar radiation and so on. In winter, 
the reason is similar.  
For comparison, we use the numerical variational method to optimize the ρcp(T) of the above wall by minimizing 
Qsum or Qwin. Considering the calculation accuracy and speed together, the temperature step is set to 0.5 K. Other 
settings are the same as those in the above case. The results are shown in Fig. 3. 
The corresponding energy consumptions in summer and winter by the numerical variational method are 13.8 MJ 
and 4227.4 MJ, respectively. Comparison with those (12.1 MJ, 3968.1 MJ) by the entransy analysis method, it can 
be found that the calculation precision of the entransy analysis method is higher than that of the numerical 
variational method. At the same time, it costs two and a half days (the time for program running) to obtain the 
optimization result by the numerical variational method in summer. For winter, it is two days. However, by the 
entransy analysis method, the time needed is fifteen hours for summer and fifteen hours for winter. 
 
 
(a)                                                                                                   (b) 
Fig.3. Ideal ρcp(T) of the wall in winter and summer by the numerical variational method: (a) Winter; (b) Summer. 
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3.2. Passive condition 
Then, we study the passive condition. The room is the same with Fig. 1 except that the indoor air temperature is 
unknown. Our aim in this situation is to minimize the heat input to the interior or output to the exterior in summer or 
winter. From the view of direct analysis, we cannot still establish the direct relationship between the heat and the 
volumetric specific heat of the external wall, so entransy-dissipation-based impedance is considered. However, in 
this condition, as the indoor and outdoor temperature difference is unknown, the extremum of the heat flow rate is 
not corresponding to the extremum of the entransy-dissipation-based impedance (the extremum of the sum of the 
entransy dissipation rate due to the thermal resistance and the entransy variation rate duo to the heat capacity). In 
order to over the drawback, we select the external wall and the interior as an entirely. Considering a periodic process, 
the heat transfer process can be simplified to the three steady processes (Fig. 4): heat absorption process, heat 
conduction process and heat release process. In the heat absorption process, heat is transferred from air side 
equivalent high temperature Ta,h to wall side equivalent high temperature Tw,h. In the heat conduction process, heat is 
transferred from wall side equivalent high temperature Tw,h to wall side equivalent low temperature Tw,l. In the heat 
release process, heat is transferred from wall side equivalent low temperature Tw,l to air side equivalent low 
temperature Ta,l. 
 
 
Fig.4. Schematic diagram of workflow for passive building 
When the outdoor air temperature is known, the air side equivalent high temperature Tf,h and the air side 
equivalent low temperature Tf,l are given, the minimal heat in heat absorption process and heat release process in 
summer and winter is corresponding to the maximal entransy-dissipation-based impedance, that is, the minimal 
entransy dissipation in the periodic process due to the thermal resistance (here, the heat transfer process can be seen 
as the steady process , so the entransy variation due to the heat capacity is zero). Taking the same method as the 
previous one, a Lagrange function, Π’, is constructed:  
p
p
2
h,
2
e e
[ ( )]d d
[ ( )+ ( )]d d
R p
t Ω
p p
t Ω
TΠ c k T V t
t
T Tc T T k T T c k T V t
t t
) O U
U O U
wc c   w
w wc      w w
³ ³³³
³ ³³³
            (13)  
where tp is the studied period and λ’ is the Lagrange multiplier which is also a variable related to space and time 
coordinates. The variation of Π’ with respect to T gives 
p
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kT T S t   ³ ³³ n                  (14)  
From Eq. (14), as the temperature Te is not always zero, ͪT should be a constant. Based on the previous analysis, 
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we can conclude that for the passive condition, the ideal volumetric specific heat of the external wall in summer or 
winter is also a δ function. 
4. Conclusions 
(1) Entransy-dissipation-based impedance in non-steady heat transfer process is introduced and it has the 
following advantages: firstly, it provides the solutions for some resistance analysis problems in which the definition 
of the temperature difference for the thermal resistance is not unique; secondly, it converts the objective function to 
a field function which provides the possibility to seek the analytical solution by using the variational method.    
(2) The extremum of the entransy-dissipation-based impedance (the extremum of the sum of the entransy 
dissipation rate due to the thermal resistance and the entransy variation rate duo to the heat capacity) is the 
optimization objective for obtaining the ideal volumetric specific heat of the external wall. The results show that, for 
active or passive condition, the ideal volumetric specific heat of the external wall should be a δ function in summer 
or winter.  
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